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Abstract
Starting from the Fo¨ppl–von Ka´rma´n model of thin shells, we deduce two 1D models of elastic rods enhanced
by additional kinematical descriptors that keep explicit track of the compatibility condition requested in the
2D parent continua, that in the classical rods models are identically satisfied after the dimensional reduction.
These enhanced models allow to describe some phenomena of preeminent importance even in 1D bodies, such
as formation of singularities and localization (d-cones), otherwise inaccessible by the classical 1D models.
Moreover, the effects of the compatibility translate into the possibility to obtain multiple stable equilibrium
configurations.
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1 Introduction
The Fo¨ppl–von Ka´rma´n (FvK) model is customarily adopted to describe the large deflections of thin elastic
plates or shells. Because of the smallness parameter given by the thickness, such a model is intrinsically 2D.
We here intend to consider von Ka´rma´n-like strips endowed with a further smallness parameter, namely the
width. Being thin and slender at the same time, such a body can be naturally described on having recourse
to 1D continua. Besides the classical rod models, in the literature are often adopted the so-called models
a` la Sadowski, usually generated starting from plate models. Among these, the original one proposed by
Sadowsky in 1930 [30] and formally justified by Wunderlich in 1962 [32], has been deduced from the linear
Kirchhoff plate model. Recently, similar models have been deduced from the non-linear von Ka´rma´n plate
model [16, 17, 18]; the limit problems penalize extensional, flexural and torsional deformation and they are
comparable to classical non-linear rod theories.
A number of models of slender structures can be found in the literature, many of them having the scope
to go beyond the limits of the classical theories. A full description of the huge literature on the subject is
unattainable; we here quote [11, 12, 31, 24] and, among the most recent works [22, 2, 26, 21, 4, 27, 28, 9].
In particular, in [4] a model for rods and thin-walled rods is rigorously obtained from a formal asymptotic
analysis of three-dimensional linear elasticity. In [28] a general method for deriving one-dimensional models
for nonlinear structures has been proposed; the models capture the contribution to the strain energy arising
not only from the macroscopic elastic strain, but also from the strain gradient.
In [19, 20] a hierarchy of one-dimensional models for thin-walled rods with rectangular cross-section,
starting from three-dimensional nonlinear elasticity has been deduced. The different limit models are distin-
guished by the different scaling of the elastic energy and of the ratio between the sides of the cross-section.
In [14, 15] the authors consider a rod whose cross section is a tubular neighborhood, with thickness scaling
with a parameter δε, of a simple curve whose length scales with ε; to model a thin-walled rods they assume
that δε goes to zero faster than ε, and they measure the rate of convergence by a slenderness parameter.
The approach recovers in a systematic way, and gives account of, many features of the rod models in the
theory of Vlasov.
In this paper, we deduce two 1D models of elastic rods enhanced by additional kinematical descriptors that
keep explicit track of the compatibility condition requested in the 2D parent continua; in the classical models
this condition is identically satisfied after the dimensional reduction. The models differ for the possibility
to account or not for extensibility. They allow to describe some phenomena of preeminent importance, such
as formation of singularities and localization of the elastic energy (d-cones, elastic folds, etc.), otherwise
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inaccessible by the classical 1D models. Indeed, these phenomena are expression of a complex interaction
between elasticity and geometry having an intrinsically 2D character, the compatibility conditions being the
formal expression of such interaction. In the FvK model, e.g., the compatibility condition descends from
the Gauss Theorema Egregium and expresses the relation between membrane deformations and variation
of Gaussian curvature and, on selecting the isometries, identifies those changes of configuration that are
energetically favorable. Moreover, the 1D compatibility condition, by introducing a strong non-linearity
in the problem, induces the possibility to have multiple stable solutions, in accordance with experimental
evidence [7].
The paper is organized as follows. In Sec. 1.1, the prototypical problem we intend to face is described in
detail. In Sec. 2 we present a dimensional reduction to obtain a rod model starting from a 2D inextensible
shell model; the problem translates into a constrained minimization, in terms of two kinematical decriptors,
i.e., the axial and the transversal curvatures. The compatibility condition is nothing but a suitable version
of the inextensibility constraint.
In Sec. 3 we present a dimensional reduction starting from the FvK model. We obtain a non-local model,
governed by three scalar fields: the axial and the transversal curvatures, and the 1D counterpart of the stress
Airy function. As it happens in the FvK model, these fields are not independent and the 1D compatibility
prescribes how they have to be related.
Sec. 4 is devoted to results. Solving the inextensible problem translates into a simple geometric equivalent
construction, that allows to obtain analytical results: the constrained energy minimization problem is reduced
to find a sequence a points on a three-dimensional cone, having minimal total distance from a given point,
representing the stress-free configuration. Analytical solutions are not possible for the extensible case, and
we then use a finite element method to solve the problem. We then present a comparison between the
results obtained with the two enhanced rod models here formulated and the FvK predictions, in terms of
displacements and stresses.
Discussions and conclusions are in Sec. 5. In particular, we discuss the role 1D compatibility condition,
showing that it is crucial to capture multistability: besides the configuration with a localized axial curvature,
a second configuration is predicted, in which the transversal curvature is null and the axial one is constant.
This is in agreement with numerical results obtained with the FvK model.
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¸
Figure 1: Cylindrical stress-free configuration of the considered shell. After clamping the gray part is
constrained to become flat. The main geometric quantities are shown; in particular ` indicates the effective
length from the clamped side to the free-end.
1.1 Problem set-up
Although our theory is applicable in many circumstances, we confine the attention to a specific problem:
we consider a shell which in its initial stress-free natural configuration is cylindrical, shallow and has a
rectangular planform, see Fig. 1. A portion of this shell, the one indicated by gray pattern in Fig. 1, is
constrained to become flat after the application of a suitable clamp. Clearly, this clamping produces a state
of stress. For sufficiently shallow shells, bending is not uniform, as the curvature variation localizes near the
clamped side, see for instance Fig. 2 (top) and the experimental and numerical results in [7]. Specifically,
a small region is formed where the variation of Gaussian curvature –say Kg– is localized. In Fig. 2 such a
region corresponds to a neighbourhood of the point A; indeed, the normals to the shell surface in the three
points A, C and D identify a positive solid angle in the three-dimensional unit sphere, distintive mark of
a positive Gaussian curvature. As the variation of Gaussian curvature implies the presence of membrane
deformations, due to the Gauss Theorema Egregium, these regions are particularly interesting and were
object of several studies, see for instance [10, 13].
The relevant geometric parameters are sketched in Fig. 1; we call Ω := [0, `] × [−ε/2, ε/2] the shell
planform, being ` the effective length of the part of the cantilever shell which does not undergo clamping and
ε its width. Moreover, h denotes the shell thickness and κ0 its curvature in the y direction. The total deepness
of the initial configuration, see Fig. 1, can be expressed in terms of curvature being λ = ε2κ0/8 + O(κ
3
0).
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(a)
A
B
C
(b)
Figure 2: Clamping a thin cylindrical shell: configuration with localized curvature, axonometric view (a),
top view (b). The variation of Gaussian curvature localizes within the region near the clamp. The red arrows
sketch the normals to the shell surface in the points A, B and C.
The four geometric parameters (h, ε, κ0 and `) are required to satisfy
0 < h ε, |κ0| . 1
ε
, ε `,
corresponding respectively to a thin, shallow shell whose planform resembles a rod-like body. As in the
shallow regime the curvature scales as 1/ε, we introduce the dimensionless parameter k0 = εκ0 = O(1).
The parameter k0 determines the initial stress-free curvature and, therefore, the level of stress after
clamping; for k0 = 0 our problem becomes trivial. With reference to the axes chosen in Fig. 1, we have
K0 =
k0
ε
ay ⊗ ay, or [K0] =
 0 0
0 k0/ε
 ,
where ay is the unit vector in the y direction and K0 ∈ Sym is the 2×2 symmetric tensor defining the initial
curvature. As the stress-free shape is cylindrical, its Gaussian curvature vanishes Kg0 = detK0 = 0.
2 Dimensional reduction assuming the shell as inextensible
We first discuss the dimensional reduction starting from the limit model of inextensible shells. A shell is
said to be inextensible when its membrane deformations vanish almost everywhere on Ω. The physical
justification for such model is found in the limit h→ 0; since the ratio between the membrane and bending
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stiffnesses scales as O(h−2), the relative cost of membrane deformations becomes increasingly high and these
deformations tend to localize over set with vanishing area, curves (creases) or points (d-cones). We refer to
[29] for more details.
Within the inextensible hypothesis, the shell stable configurations are found solving the following con-
strained minimization problem of the bending energy:
min
K∈I
Eb(K ), Eb(K ) =
∫
Ω
D
2
(
K −K0
) · (K −K0)dΩ, (1)
where I = {K : Ω→ Sym, curlK = 0 , detK = 0}. Here the constitutive tensor D yields the bending
stiffness. The condition K ∈ I means that the independent components, (Kxx,Kyy,Kxy), of the 2 × 2
symmetric tensor field K satisfy
Kxx,x = Kxy,y, Kxy,x = Kyy,y, KxxKyy = K
2
xy, (2)
almost everywhere on Ω.
We use a simple Gale¨rkin method to deduce from (1) a one-dimensional rod model. In particular, we
seek solutions in the form
K = K̂ (w) = ∇∇w, (3)
for some scalar field w : Ω → IR to satisfy the constraints (2)1,2 for a vanishing curl, and then provide an
Ansazt for w, namely
w(x, y) = v(x) + ε k(x) δ(y), (4)
where the function δ(y), expressing the y-dependence of the relevant fields in the problem, is given by
δ(y) =
1
2
(y
ε
)2
− 1
24
. (5)
Remark 1 As far the shell is shallow, the position (3) allows to interpret the scalar field w as the shell
displacement in the transverse direction z, see [8]. Moreover, from (5) we have
〈δ〉 = 0, 〈δ′〉 = 0, 〈δ′′〉 = ε−2,
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where 〈ψ〉 := (1/ε) ∫ ε/2−ε/2 ψ(y) dy represents the y-average value of the function ψ(y). Using (4), one gets
v(x) ≡ 〈w(x, ·)〉, k(x) ≡ ε〈∂yyw(x, ·)〉. (6)
Hence, for any cross-section x = x¯ of the shell, we can interpret v(x¯) as the displacement in the z direction of
its center of mass (point o in Fig.1) and k(x¯) as the average of the dimensionless curvature in the y-direction.
Remark 2 Clearly more complex Ansa¨zte can be used. An easy improvement could be to increase the
polynomial order of δ(y) to satisfy the boundary conditions for the bending moment, D(K̂ (v + εkδ) −K0),
along the sides y = ±ε/2. However, we are only interested in the simplest possible choice allowing for the
description of the Gaussian curvature along the rod axis x. The non-rigid micro-structure introduced using
(4) is sufficient to our purposes.
Remark 3 The functions v(x) and k(x) inherit, through (4), the regularity of w and its boundary conditions.
Since w is the shell transverse displacement, when clamping the side x = 0 we have
w(0, y) = 0, ∂xw(0, y) = 0, ∀y ∈ [−ε/2, ε/2].
Using (4) we deduce v(0) = 0, v′(0) = 0, k(0) = 0 and k′(0) = 0. As the second derivatives of w must be
square integrable, then both v and k must belong to
H = {f ∈ H2([0, `]), f(0) = 0, f ′(0) = 0} .
Using (3) and (4) we obtain the matrix field representing the approximated curvature, namely K˜ (v, k) =
K̂ (v + εkδ). It reads
K˜ (v, k) =
 v′′(x) + εk′′(x)δ(y) εk′(x)δ′(y)
· εk(x)δ′′(y)
 , (7)
where a prime indicates the derivative of a function with respect to its argument. When the functions v
and k are varied in H, K˜ (v, k) spans a subspace of L2(Ω,Sym) and, therefore, the reduced energy, namely
E˜b(v, k) := Eb(K˜ (v, k)), is finite. In particular, for isotropic materials, the reduced energy reads
E˜b(v, k) = Dε
2
∫ `
0
[(
v′′
)2
+
(k − k0)2
ε2
+
2ν(k − k0)v′′
ε
+
(1− ν)(k′)2
6
+ ε2
(
k′′
)2
720
]
dx, (8)
where DK = D[(1 − ν)K + ν (trK ) I ], with D = Eh3/12(1 − ν2) the bending stiffess in the x-direction,
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being E the Young modulus, ν the Poisson ratio and I the identity tensor.
As for the constraint in I requiring a curvature with a vanishing determinant, the Gaussian curvature of
(7) turns out to be
det K˜ (v, k) = ε
(
v′′(x)k(x)δ′′(y)
)
+ ε2
(
k(x)k′′(x)δ(y)δ′′(y)− k′(x)2δ′(y)2
)
.
For K˜ to belong to I almost everywhere in Ω, the field k must vanish: a trivial solution due to the fact
that K̂ does not have sufficient degrees of freedom1. However, aiming at approximate solutions in the limit
ε/`→ 0, we require only its y-average
〈det K˜ (v, k)〉 = 1
ε
k(x)v′′(x)− 1
12
k′(x)2, (9)
to vanish almost everywhere in [0, `].
Finally, we formulate our first rod model as the following constrained minimization problem
min
(v,k)∈J
E˜b(v, k), (10)
where J = {(v, k) ∈ H ×H, k v′′ = ε(k′)2/12}. Being derived by (1), this model will be referred in the
following as the inextensible rod model.
3 Dimensional reduction from the Fo¨ppl–von Ka´rma´n shell model
We discuss the derivation of a rod model starting from the assumption of a thin shallow shell satisfying
the Fo¨ppl–von Ka´rma´n equations. With respect to the previous section, the shell can undergo membrane
deformations despite the fact that their cost (=stiffness) scales as h, whilst the cost of bending deformations,
scaling as h3, is sensibly smaller for thin shells.
For isotropic materials, the Fo¨ppl–von Ka´rma´n problem consists in finding the pair (ϕ,w) such that
D∆∆(w − w0) = [ϕ,w], (11)
(Eh)−1∆∆ϕ = −1
2
(
[w,w] + [w0, w0]
)
, (12)
1More elaborate Ansa¨tze with a finite number of terms would not help either.
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where, for two given scalar fields a and b, [a, b] denotes the Monge-Ampe`re crochet2, and ∆ is the Laplacian
operator.
The fields w and w0 represent the displacements in the z-direction of the shell points in the current and
stress-free configurations with respect to the flat reference configuration. As we have already discussed, in
the limit of shallow shells, their second gradient gives the curvatures fields K = ∇∇w and K0 = ∇∇w0 for
w0(x, y) = εk0δ(y).
The field ϕ is the Airy stress function. With respect to the case of inextensible shells, ϕ is the additional
field allowing to account for membrane stress and membrane deformations, respectively
N (ϕ) = (∆ϕ)I −∇∇ϕ, E(ϕ) = A−1N (ϕ), (13)
and to define the membrane energy
Em(ϕ) := 1
2
∫
Ω
N (ϕ) · A−1N (ϕ),
where A = 12D/h2 is the membrane stiffness. For more details on the derivation and meaning of the FvK
equations we refer the interested reader to [3].
In [5, 6] we have shown that eqs. (11)-(12) can be deduced by enforcing the following mixed variational
problem:
min
w∈W
max
ϕ∈S
F(ϕ,w),
where W and S are two suitable subsets of H2(Ω) and the functional F(ϕ,w) is given by the splitting:
F(ϕ,w) = Eb(∇∇w)− Em(ϕ) + 1
2
∫
Ω
N (ϕ) · (∇w ⊗∇w −∇w0 ⊗∇w0). (14)
Let us remark that both the bending and the membrane energy are quadratic and convex with respect
to w and ϕ. Last addend in (14) is the only term introducing non-linearities; it does not have have any
constitutive character but couples the fields w and ϕ, i.e., the bending and membrane problems.
Dimensional reduction is achieved, once again, via the Gale¨rkin method. In other words, we seek solutions
for w and ϕ in the form
w(x, y) = v(x) + εk(x)δ(y), ϕ(x, y) = f(x)ψ(y), (15)
2Specifically, in Cartesian coordinates we have [a, b] = a,xx b,yy +a,yy b,xx−2a,xy b,xy .
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with δ and ψ given functions of the y-coordinate. The extensible rod model is equivalent to the solution of
the reduced min-max problem
min
v∈H,k∈H
max
f∈A
F˜(f, v, k), (16)
with F˜(f, v, k) := F(fψ, v + εkδ) the reduced action functional and A a suitable subspace of H2([0, `])
accounting for the boundary conditions of the membrane traction problem.
Specifically, we have used for w the same Ansatz of the inextensible case, namely (4) with δ as in (5). For
the function ψ expressing the y-dependance of the membrane fields, we choose the lowest-order polynomial
satisfying
ψ(±ε/2) = 0, ψ′(±ε/2) = 0, 〈ψ〉 = 1, (17)
i.e.
ψ(y) = 30
(y
ε
)4
− 15
(y
ε
)2
+
15
8
.
Using (13)1 and (15)2, this choice suffices to describe all the components of the membrane stress tensor:
Nxx = ∂yyϕ = f(x)ψ
′′(y), Nyy = ∂xxϕ = f ′′(x)ψ(y),
Nxy = −∂xyϕ = −f ′(x)ψ′(y).
(18)
Moreover conditions (17) allow to satisfy the boundary conditions Nyy(x, y = ±ε/2) = 0 and Nxy(x, y =
±ε/2) = 0 along the lateral sides of the shell.
For the reduced functional, in the case of isotropic materials, we obtain
F˜(f, v, k) = E˜b(v, k)− E˜m(f) +
∫ `
0
(
εk′(kf)′
84
+
ε(k2 − k20)f ′′
56
+ v′(kf)′
)
dx, (19)
where E˜b(v, k) is the reduced bending energy already computed in (8) and
E˜m(f) = ε
2Eh
∫ `
0
(
720
ε4
f2 +
10
7
(
f ′′
)2
+
240
7ε2
[(1 + ν)
(
f ′
)2
+ νff ′′]
)
dx
is the reduced membrane energy.
Remark 4 Since 〈ψ′′〉 = ψ(ε/2)− ψ(−ε/2) = 0, the mean value of Nxx on the cross-section, i.e. the axial
stress in the resulting rod, vanishes. This is not the case in the model developed in [22]. However, here the
membrane stress Nxx = fψ
′′ is able to describe the zero-average stress distribution on the rod cross-section
corresponding to a bending moment.
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Remark 5 The Euler-Lagrange equation of F˜(f, v, k) with respect to f gives
A[f ] :=
ε4 f ′′′′
504
− ε
2 f ′′
21
+ f = −Ehε
4
720
K˜g(v
′′, k), (20)
where K˜g(v
′′, k) = k v′′/ε−(k′)2/28−k k′′/42 is another one-dimensional approximation of the shell Gaussian
curvature. Eq. (20) keeps track of the two-dimensional compatibility condition (12). Given (v′′, k), Eq. (20)
in terms of f is analog to well known equation of a rod on an elastic ground; formally its solution can be
expressed as the convolution integral
f∗(x) = −Ehε
4
720
∫ x
0
G(x, s)K˜g(v
′′, k)(s) ds,
with G(x, s) ∈ A is the Green function of the fourth-order differential operator A[f ].
Hence, the two-dimensional compatibility equation translates into a non-locality of the resulting rod model
being formally equivalent to:
min
v∈H,k∈H
max
f∈A
F˜(f, v, k) = min
v∈H,k∈H
F˜(f∗, v, k). (21)
In particular, a root-finding calculation shows that the particular solutions of the differential operator A[f ]
decay as exp(−4.15x/ε). This implies that a concentrated variation of the Gaussian curvature of the order
O(1) decays to O(10−2) at distance ε. Thus, the effective radius of non-locality is of the order ε.
4 Results
In this section, we solve the problem presented in Sec. 1.1, by adopting both the inextensible and the
extensible rod models; analytical results are possible just in the former case and this is why we examine it
first. In particular, our interest is to describe the region of localized curvature shown in Fig. 2 estimating its
width d∗, and the extremal values of curvature therein χ∗ := maxx∈[0,`] v′′(x) and χ∗∗ := minx∈[0,`] v′′(x).
For seek of simplicity, in this section, we limit the analysis to the isotropic case.
4.1 Analytical results: inextensible case
We must solve the minimization problem (10) with the reduced energy E˜b(v, k) given in (8). Letting χ := v′′
be the field of axial curvature and neglecting the term involving (k′′)2 in (8) (see remark 6), we face the
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stress-free 
configuration
C0
Figure 3: Conical surface C representing the inextensibility constraint. The coordinates c and ϑ allow to
span the whole cone solving the constraint (25).
following problem:
min
χ,k
∫ `
0
(
χ2 +
(k − k0)2
ε2
+
2ν(k − k0)χ
ε
+
(1− ν)(k′)2
6
)
(22)
with χ and k constrained to satisfy χk = ε(k′)2/12.
Remark 6 The coefficients weighting (k′)2 and (k′′)2 in (8) are respectively given by:
c1 = 2(1− ν)ε
∫ +ε/2
−ε/2
δ′(y)2, c2 = ε
∫ +ε/2
−ε/2
δ(y)2.
Since 〈δ〉 = 0, the Poincare´-Wirtinger inequality holds true and:
∫ +ε/2
−ε/2
δ′(y)2 ≥ 4pi
2
ε2
∫ +ε/2
−ε/2
δ(y)2.
Hence, we can estimate that c2/c1 ≤ ε2/(8(1− ν)pi2), vanishing in the limit ε/`→ 0.
The problem (22) is equivalent to
min
C (x)∈C
∫ `
0
‖C (x)−C0‖ dx,
with C the conic surface
C :=
{
(ξ, η, ζ)
∣∣∣ ξ2 = (1 + ν) (η2 + ζ2) /(1− ν)} , (23)
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and C (x), C0 the points of coordinates:
C (x) =

ξ =
√
1 + ν (k(x)/ε+ χ(x)) /2
η =
√
1− ν (k(x)/ε− χ(x)) /2
ζ =
√
1− ν (k′(x))2/(2√3)
 , (24)
and
C0 =

√
1 + ν (k0/ε) /2
√
1− ν (k0/ε) /2
0
 ,
this latter corresponding to the stress-free configuration. Under the proposed change of coordinates, see
[25], minimizing the bending energy under the inextensibility constraint is reformulated as the search of a
sequence of points C (x ∈ [0, `]) lying on the cone C having minimal (total) distance from the target point
C0 (see Fig. 3).
It easily seen that the condition C (x) ∈ C translates the inextensibility constraint or, in other words, the
condition
k(x) v′′(x) =
1
12
ε(k′(x))2 (25)
for the cross-section average of the Gaussian curvature to vanish.
However, having this geometric understanding of the problem, it is clear that for a smooth parametrization
of the inextensibility constraint, we need an angular coordinate. Specifically, we use the cone coordinates
(c, ϑ) shown in Fig. 3: any point of the cone can be written in the form
C (c, ϑ) = c
(
1,
√
1− ν
1 + ν
cosϑ,
√
1− ν
1 + ν
sinϑ
)
, (26)
for some choice of the angular anomaly ϑ and of the curvature3 c. Using these coordinates, the distance
d(c, ϑ) = ‖C (c, ϑ)−C0‖ of any point on the cone from the stress-free configuration is
d(c, ϑ) =
2c2
1 + ν
+
k20 − 2 k0cε
√
1 + ν
2ε2
− c(1− ν) cosϑ√
1 + ν
k0
ε
, (27)
3The coordinate c is actually proportional to the mean curvature (χ+ k/ε)/2.
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while the axial and transverse curvatures are
χ˜(c, ϑ) =
c(1− cosϑ)√
1 + ν
, k˜(c, ϑ) =
εc(1 + cosϑ)√
1 + ν
, (28)
respectively.
Requiring the distance (27) to be minimal with respect to c implies
c = c∗(ϑ) =
1
4
√
1 + ν
(
1 + ν + (1− ν) cosϑ
) k0
ε
, (29)
and substituting this last in (28):
χ̂(ϑ) = χ˜
(
c∗(ϑ), ϑ
)
=
k0(1− cosϑ)
4ε
(
1 + ν + (1− ν) cosϑ
)
,
k̂(ϑ) = k˜
(
c∗(ϑ), ϑ
)
=
k0(1 + cosϑ)
4
(
1 + ν + (1− ν) cosϑ
)
.
(30)
The compatibility equation suggests the one-to-one mapping x 7→ ϑ between the spatial variable and the
angular variable on the cone which is the key to solve the problem. Indeed, from (k′)2 = 12kχ/ε we obtain
dx̂
dϑ
=
1
k′
dk̂
dϑ
=
dk̂(ϑ)
dϑ
√
ε√
12 k̂(ϑ)χ̂(ϑ)
valid for 0 ≤ ϑ < pi. Inserting (30) and integrating, we deduce
x̂(ϑ) = ε
(2−√ν)pi − 2ϑ+ 2√ν tan−1 (√ν tan ϑ2 )
2
√
3
(31)
It is easily checked that, for 0 < ν < 1 and ϑ ∈ [0, pi), x̂′ is strictly negative and x maps the set (0, pi) into
(d∗, 0) monotonically with d∗(ν) = piε (2−√ν)/(2√3).
The inverse function of (31), say ϑ̂(x), allows to determine χ(x) and k(x) from (30). This solution is
valid until the point C0 in Fig. 3 is reached for x = d
∗. Indeed, for x > d∗ the distance ‖C (x) − C0‖ is
minimized by remainining in the same point C (x) ≡ C (d∗) = C0. Thus d∗ = O(ε) is actually the size of the
region where the curvature localizes; the ratio d∗/ε is plotted against ν in Fig. 4. Unfortunately, the inverse
function ϑ̂(x) of (31) cannot be analytically determined for arbitrary values of ν; however the problem of its
numerical determination is well-posed since x̂ is strictly monotone. The solutions for the axial and transverse
curvatures are plotted in Fig. 5 for some values of the Poisson ratio.
To determine in closed form the maximal value of the axial curvature, we eliminate ϑ from (30) to
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Figure 4: Size of the region where the curvature localizes: d∗/ε as a function of the Poisson coefficient.
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Figure 5: Fields of axial curvature εχ (a) and transversal curvature k/k0 (b) for several values of the Poisson
ratio.
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Figure 6: Maximum value χ∗ of the axial curvature, normalized with respect to the initial transversal
curvature k0/ε, as a function of the Poisson coefficient. For 0 ≤ ν < 0 (gray region), the maximum is
attained in x > 0, whilst it is in x = 0 whenever ν > 0. In the inset the function χ(k) is represented, showing
the points k∗ where the maximum is attained.
introduce the map
k 7→ χ(k) =
νk0 − 2k +
√(
4k(1− ν) + k0ν2
)
k0
2ε
.
The maximum is attained for k∗, solution of the stationarity condition ∂kχ(k) = 0, yielding
k∗ = max
{
0,
1− 2ν
4(1− ν) k0
}
.
Here, we have used the fact that k is a monotonically increasing positive function, whose codomain is [0, k0].
Finally, the maximum value of the axial curvature scales as O(ε−1) being
χ∗ = χ(k∗) =
k0
ε
×

1
4(1− ν) if 0 < ν < 1/2
ν if 1/2 ≤ ν ≤ 1
(32)
which is plotted in Fig. 6 against positive Poisson ratios. It is easily that the axial curvature is always non
negative; and therefore, the minimum value of the curvature is χ∗∗ = 0 for any ν.
Remark 7 The solution found has been obtained minimizing locally the distance d(c, ϑ) via (29). This is
a condition sufficient, but not necessary, to minimize (21) i.e. the total distance to C0. We do not know
if there are solutions minimizing the total distance without necessarily satisfying (29) in the whole domain
[0, `].
Remark 8 The solution found implies a localization of the axial rod curvature that tends to a Dirac delta
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distribution in the limit ε/`→ 0. Indeed, χ∗ = O(ε−1) over a region d∗ = O(ε), the integral
v′(`) =
∫ `
0
χ(x) dx =
∫ 0
pi
χ̂(ϑ)dϑ =
(1 + ν)pik0
8
√
3
,
being finite and independent of ε.
4.2 Numerical results for the extensible cases
The solutions of the extensible rod are found as saddle points, see (16), of the functional F(v, k, f) given
in (19). As a numerical procedure is necessary to this end, we use a standard finite element method. The
domain [0, `] is discretized into n elements with a mesh suitably refined near the clamp x = 0. Since all the
fields belongs to H2, we choose, for all of them, Langrange polynomials of order 3 ensuring the inter-element
continuity of their values and their first derivatives. In every node of the mesh we have 3 × 2 degrees of
freedoms (total size of the problem 6n+ 6 scalar unknowns). Storing in the vector q the degrees of freedom
relative to v and k and in the vector f the ones relative to f , the action functional (19) is written as
F ' 1
2
Kq · q − k0Lq − 1
2
Hf · f + Cqq · f − k20Mf ,
with K and H positive definite second order tensors, L and M vectors and C the third order tensor responsible
for the coupling between membrane and bending problems. We compute once for all these tensors avoiding
the reassembling of the stiffness matrices even if is a nonlinear problem. The saddle point satisfying (16) is
found by iteratively finding the root of the following system:

0 = ∂qF =
(
K+ 2C>f
)
q − k0L,
0 = ∂fF = −Hf + Cqq − k20M,
Clearly, the system can have several solutions depending on the initial guess (qi, fi), cfr. section 5.1. To
follow the equilibrium branch relative to the curvature localization shown in Fig. 2 suffices to start from
qi = 0 , fi = 0 .
As a benchmark solution for our reduced rod models, we numerically solve the FvK shell equations with
the boundary conditions provided by the problem at hand. To this aim we resort to the code provided by the
FEniCS shells project [1, 23] which implements a standard displacement-based FE procedure (that is, the
solution is found by minimizing the shell elastic energy). The domain [0, `]× [−ε/2, ε/2] has been discretized
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Figure 7: Plot of the size d∗/ε of the localization region (a) and of the maximal and minimal axial curvatures
(b) as functions of the Poisson coefficient: inextensible rod (gray), extensible rod (red, continuous line for the
maximum χ∗ and dashed line for the minimum χ∗∗) and FvK shell (black, continuous line for the maximum
χ∗ and dashed line for the minimum χ∗∗); the minimum value for the inextensible rod is zero.
with both structured and unstructured meshes suitably refined near the clamp x = 0 so that the mesh size
is smaller than the shell thickness, while membrane locking is avoided by appropriately choosing the discrete
spaces for in-plane and transverse displacements. More in detail, we used standard Lagrangian elements
for both of them, weakly enforcing C1-continuity of the piecewise continuous transverse displacement by
penalizing the jump of the normal component of its gradient through the element facets. We chose the
penalty parameter to be of the order of the norm of the bending stiffness tensor.
4.3 Comparisons
We compare the results obtained by the FvK shell model, assumed as a benchmark, with the inextensible
and extensible rod models derived in sections 2 and 3. In the numerical simulations we have chosen k0 = 1,
ε = 20h and ` = 20 ε this last choice being irrelevant as far as `  ε. Indeed, the localization of curvature
happens within a distance (2÷3) ε from the clamp and this is actually the only region where we have plotted
the relevant fields. Results are independent of the Young modulus but do depend on the Poisson ratio.
Figs. 7a and 7b plot the maximal and minimal axial curvature and the size of localization region as
estimated by the three models under consideration for the admissible range of Poisson ratio ν ∈ (−1, 1).
The inextensible rod model results are limited to the case ν ≥ 0: negative values of the Poisson ration are
in principle possible, but the geometric construction presented in 4.1 would require to consider the singular
point corresponding to the vertex of the cone, an analytical obstacle that we exclude for sake of simplicity.
We used a black color to label the benchmark FvK shell model, gray and dark-red curves to indicate the
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Figure 8: Plot of εχ/k0ν (a) and k/k0ν (b) as functions of the Poisson coefficient, according to the one-
dimensional theory (red), the FvK model (black), the inextensible model (gray).
inextensible and extensible rod models, respectively. We see that the sup-norm of the curvature field is very
well estimated by the simple formula
‖χ‖∞ = max(|χ∗|, |χ∗∗|) ' k0
ε
|ν|.
We recall, see (32), that this can be obtained as the point on the cone axis k = 0, k′ = 0 having minimal
distance form the stress-free configuration C0. The inset in Fig. 7b reveals that the maximum and minimum
values of the curvature, considered as functions of ν, never intersect: thus, the axis is always bent, even close
to ν = 0. In general, we remark a good agreement of both the rod models with the two-dimensional results.
In all three cases, the maximum of axial curvature scales as 1/ε whilst the localization size scales as ε;
hence, the rod models are able to catch the macroscopic deformation of the rod, independently of the cross-
section dimension ε. The inextensible model overestimates the maximal curvature for vanishing values of the
Poisson ratio: in this case the interplay between axial and transverse curvature, already constrained by the
inextensibility hypothesis, is further limited since the coupling terms D12 and D21 of the Voigt representation
of D vanish with ν.
For ν = 0.6, Figs. 8a and 8b plot the spatial distributions of the axial χ(x) = v′′(x) and transverse
k(x) curvatures4 within the localization region. While the extinction length d∗ for the inextensible case has
been obtained in closed form in Sect. 4.1, both the curvatures of the FvK shell and of the extensible rod
exponentially decay towards their asymptotic values χ(x → `) ' 0 and k(x → `) ' k0. For both these
models the size d∗ of the localization region has been estimated approximating the area subtended to the
4For the FvK shell the axial and transverse curvatures are obtained from the displacement field w(x, y) through (6).
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graph of k′(x) by a triangle having height k′max, namely
k0 '
∫ `
0
k′(x) dx ' d
∗k′max
2
⇒ d∗ ' 2k0
k′max
,
as shown in the inset of Fig. 8b.
For the macroscopic behavior of the rod, the simple analytic expressions obtained by the inextensible
model for χ∗, d∗ and v′(`) in section 4.1 seem surprisingly accurate, cfr. Figs. 7a-7a. However, the inextensible
model, derived from the constraint for detK to vanish almost everywhere in Ω, could never describe neither
the Gaussian curvature field or the membrane stresses. To this aim, we compare the benchmark FvK results
only with the extensible rod model. In Fig. 9 the level curves of the Gaussian curvature are plotted. These
level curves are rescaled to range within 0 and 1 corresponding respectively to the minimum and maximum
values attained by both the models in Ω:
0! min{min
[0,`]
K1dg ,min
Ω
KFvKg }
and
1! max{max
[0,`]
K1dg ,max
Ω
KFvKg }.
Being symmetric with respect to y, we have used the upper part to draw, in red tones, Kg as predicted by
the extensible rod and the lower part to draw in gray tones the results of a two-dimensional FE analysis
with FvK. In the same Figure, the inset plots the weighted average of the two-dimensional field of Gaussian
curvature and the reduced notion of Gaussian curvature, given by the right-hand side of (9). These results
are in very good agreement with of the FvK model.
From the knowledge of the fields v and k, Eq. (4) allows to reconstruct the two-dimensional displacement,
and then the deformed surface.
Finally, we remark that the extensible rod model allows for an estimate of the membrane stress fields
via the scalar field f . Specifically, trough Eqns. (15) and (18) we reconstruct the two-dimensional fields of
the stress Nxx and Nyy and compare them to the ones of the FvK shell model in Figs. 10a-10b. Again a
remarkable agreement is apparent also for the membrane fields. Slight discrepancies are localized at the
edges (x = 0, y = ±ε/2) were probably our Ansatz (limited to one term only for seek of simplicity) is not
sufficient to catch the exact y-distribution of the stress fields.
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Figure 9: Normalized level curves of the Gaussian curvature: the extensible rod predictions (upper part in
red-tones) vs FvK FE predictions (lower part in gray-tones). The inset shows a comparison of the respective
weighted averages along the axis.
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Figure 10: Normalized level curves for the membrane stresses Nxx (a) and Nyy (b): the extensible rod
predictions (upper part in red-tones) vs FvK FE predictions (lower part in gray-tones). The insets show
comparisons of the respective weighted averages along the axis.
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5 Discussion and conclusions
We have presented two new models of thin-walled non-linear rods, whose main features are:
1. The transversal section is not rigid. For this reason, an additional kinematical descriptor k is intro-
duced, accounting for the change in curvature of the transversal section. The resulting 1D model is
then endowed with a 1D notion of Gaussian curvature, keeping track of the 2D character of the shell
model from which we started.
2. In standard dimensional reduction, starting from a two-dimensional model, the effects of the com-
patibility kind of evaporate. In both our theories, a compatibility condition coupling bending and
membrane problems is deduced, endowing the model with a 2D character.
3. Localization phenomena, such as d-cones, are captured by our models. Analytical estimates are possible
in the inextensible case.
A key question may arise: is there any circumstance in which the role of the 1D compatibility equation
(20) (or (25) for the inextensible case) is particularly undeniable?
If we confine the attention to the inextensible model, satisfying the compatibility translates into requesting
that the solution belongs to the cone (23); the stress-free configuration (point N in Fig. 3) belongs to C;
the boundary conditions for x = 0 compel the solution to tend to a point belonging to C as well; all in all,
this particular set of boundary conditions leads the solution to stay close to C, even if no a priori constraint
is taken into account.
One then might argue that the compatibility does not have a strong role, at least for this specific
problem and minimizing the bending energy would suffice to obtain solutions sufficiently close to the cone.
Nevertheless, regardless of the boundary conditions that activate or not the compatibility constraint, the
nonlocal (or inextensible) and the pure bending model differ for a crucial point: the bending energy is a
positive quadratic functional, and then its direct minimization delivers a unique solution; this is not the case
when the model is endowed with the compatibility condition. Thus, multiple solutions are possible if the
compatibility is taken into account, as we will see in the next subsection: besides localization phenomena,
the 1D compatibility induces mutistability.
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Figure 11: Bistability regions (shaded) in the (α, β) plane for different Poisson ratios. Within the white region
the uniform curvature configuration (33) is unstable; this includes isotropic materials where α = β = 1 (red
point). The black point has been used to compare FE simulations, based on FvK model, and analytical
results; it corresponds to α = 11.52, β = 1, ν = 0.851.
5.1 Compatibility and multistability: uniform curvature solution
For the inextensible case the compatibility requires the condition k v′′ = ε(k′)2/12 to hold. This introduces
a strong nonlinearity in the problem to solve which we introduced the cone coordinates (c, ϑ) in Sect.4.1.
We show below that one can indeed have multiple equilibria and, in some cases, multiple stable equilibria.
The evaluation of the optimal c in (29) allows to obtain the bending energy on the cone C as a function
of ϑ
Êb(ϑ) =E˜b
(
c∗(ϑ), ϑ
) ∝
k20
ε2
(
3 + ν + (1− ν) cosϑ) sin2 ϑ
2
.
This energy admits more than one stationarity point: together with the solution presented in Sec. 4.1, it is
easy to see that Êb(ϑ) has a stationarity point for ϑ = pi, a solution corresponding to
χ(x) = v′′(x) =
ν k0
ε
, k(x) = 0, ∀x ∈ [0, `]. (33)
Indeed for ϑ = pi we have k′ = 0 and therefore k(x) = const.; recalling the compatibility equation, (33)
follows. Hence, we could have a second possible configuration of the rod where all points have the same
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constant axial curvature, being the transversal curvature null.
The stability of this configuration can be studied on evaluating the second derivative of Êb(ϑ) with respect
to ϑ at the point ϑ = pi:
∂2ϑϑÊb(ϑ)
∣∣∣
ϑ=pi
= −1
2
(1− ν) ν k
2
0
ε2
,
which is negative for 0 ≤ ν < 1.
Thus, the configuration (33) is not stable. However, the unstable character of this equilibrium holds
for isotropic materials: removing this last hypothesis could lead to stability. To see this, let us consider an
orthotropic material; the stiffness tensor D is given by the following Voigt representation:
D = D

1 ν 0
ν β 0
0 0 α (1− ν)/2
 ,
with α > 0, β > 0, −√β < ν < √β; the constant β = E2/E1 represents the ratio between the two Young
moduli and α 1−ν2 represents the shear modulus. Isotropic materials are obtained when α = β = 1.
The change of coordinates (24), to diagonalize the bending energy, has to be replaced by
ξ =
1
2
√
1 +
ν√
β
(√
β
k
ε
+ χ
)
,
η =
1
2
√
1− ν√
β
(√
β
k
ε
− χ
)
,
ζ =
√
1− να
2
√
3
(k′)2.
The cone (23) of inextensible curvatures then becomes:
C :=
{
(ξ, η, ζ)
∣∣∣ η2
c21
+
ζ2
c22
= ξ2
}
,
where
c1 =
√√
β − ν√
β + ν
, c2 =
√
α (1− ν)√
β + ν
.
The cone C has then an elliptical cross section, whose semi-axes are in fact c1 and c2. The change of variable
(26) then now reads:
ξ = c, η = c c1 cosϑ, ζ = c c2 sinϑ,
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which allows to determine the analytical expression for the bending energy of the orthotropic rod E˜b(c, ϑ).
As in Section 4.1, we first evaluate the value c∗(ϑ) that makes stationary E˜b(c, ϑ), and then deduce Êb(ϑ) =
E˜b(c∗(ϑ), ϑ). We do not the details here but, again, ϑ = pi is a point that renders Êb(ϑ) stationary. Being
∂2ccE˜b > 0 and ∂2cϑE˜b = 0, this stationary point is stable if the component of the Hessian
∂2ϑϑÊb(ϑ)
∣∣∣
ϑ=pi
= H(ν, α, β),
a function of the material parameters ν, α and β, is positive. The analytical expression of H(ν, a, b) can
be determined, but it is quite cumbersome and we do not report it. However, we plot, in Fig. 11, the
regions of the (α, β) plane where H(ν, α, β) > 0 for several values of the Poisson coefficient. In these shaded
regions, there are at least two stable configurations: not only the localized-curvature solution discussed in
the previous sections but also equilibrium ϑ = pi, corresponding to the configuration (33), is stable.
For instance, when k0 = 6.67 m
−1, ` = 0.45 m, ε = `/3 = 0.15 m, h = 1 mm, ν = 0.851, α = 11.52 and
β = 1 (namely the black point in Fig. 11), the inextensible rod model predicts by (33) χ(x) = 5.67 m−1, whilst
the FvK FE computations find a very similar shape and predict an average axial curvature Kxx ' 5.35m−1.
Both these configurations are shown in the graphical abstract.
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